To any Nash germ invariant under right composition with a linear action of a finite group, we associate its equivariant zeta functions, inspired from motivic zeta functions, using the equivariant virtual Poincaré series as a motivic measure. We show Denef-Loeser formulae for the equivariant zeta functions and prove that they are invariants for equivariant blow-Nash equivalence via equivariant blow-Nash isomorphisms. Equivariant blow-Nash equivalence between invariant Nash germs is defined as a generalization involving equivariant data of the blow-Nash equivalence.
blow-analytic equivalence of T.-C. Kuo in [15] : two Nash germs are said blow-Nash equivalent if, after composition with Nash modifications, they become analytically equivalent via a Nash isomorphism (if the Nash isomorphism preserves the critical loci of the Nash modifications, it is called a blow-Nash isomorphism). He showed in particular that blow-Nash equivalence is an equivalence relation and that it has no moduli for Nash families with isolated singularities. Using as a motivic measure the virtual Poincaré polynomial of C. McCrory and A. Parusiński in [19] , extended to the wider category of AS sets ( [16] and [17] ) by G. Fichou in [9] , one can generalize the zeta functions of S. Koike and A. Parusiński in [13] . In [10] , G. Fichou showed that these latter zeta functions are invariants for blow-Nash equivalence via blow-Nash isomorphisms.
In this paper, we consider Nash germs invariant under right composition with a linear action of a finite group. We define for such germs a generalization of the blow-Nash equivalence of [10] involving equivariant data. If G is a finite group acting linearly on R d and trivially on R, we say that two equivariant, or invariant, Nash germs f, g : (R d , 0) → (R, 0) are Gblow-Nash equivalent if there exist two equivariant Nash modifications σ f : (M f , σ . If Φ preserves the critical loci of σ f and σ h , we say that Φ is an equivariant blow-Nash isomorphism. The equivariant blow-Nash equivalence is an equivalence relation and allows refinement of the non-equivariant blow-Nash classification. For example, consider the germs y 4 − x 2 and x 4 − y 2 . They are Nash equivalent but we show in Example 4.2 that they are not G-blow-Nash equivalent via an equivariant blow-Nash isomorphism if G = {1, s} with s the involution given by (x, y) → (−x, y).
Our main interest is the construction of invariants for G-blow-Nash equivalence via equivariant blow-Nash isomorphism. We associate to any invariant Nash germ its equivariant zeta functions : they are defined using the equivariant virtual Poincaré series of G. Fichou in [11] as an equivariant motivic measure of its arc spaces equipped with the induced action of G (section 3.2). It is a generalization of the zeta functions defined in [9] and [10] , and they are different from the equivariant zeta functions defined in [11] . We then prove the rationality of the equivariant zeta functions by Denef-Loeser formulae (Propositions 3.12 and 3.17). One has to keep attention on the behaviour of the induced actions of G on all the spaces involved in the demonstrations of the formulae. A key point is the proof of the validity of Kontsevich "change of variables formula" ( [14] ) in this equivariant setting (Proposition 3.14).
Finally, we compute the equivariant zeta functions of several invariant Nash germs (section 5). We are in particular interested in the invariant Nash germs induced from the normal forms of the simple boundary singularities of manifolds with boundary (see [1] ). In a subsequent work, we plan to study the simple boundary singularities of Nash manifolds with boundary and classify them with respect to equivariant blow-Nash equivalence.
We begin this paper by the definition of G-blow-Nash equivalence for G a finite group and show that this is an equivalence relation between invariant Nash germs. We make also precise what we mean by an equivariant modification of an invariant Nash germ.
In section 3, we define the equivariant zeta functions (naive and with signs) of an invariant Nash germ. We first recall the definition of the G-equivariant virtual Betti numbers : they are the unique additive invariants on the category of AS sets equipped with an algebraic action of G which coincide with the dimensions of equivariant Borel-Moore homology with Z 2 -coefficients on compact nonsingular sets. In subsection 3.3, we prove an equivariant version of Kontsevich "change of variables formula" and Denef-Loeser formulae for equivariant zeta functions.
In section 4, we show that the equivariant zeta functions are invariants under equivariant blow-Nash equivalence via equivariant blow-Nash isomorphisms, illustrating this result with the example of the Nash germs y 4 − x 2 and x 4 − y 2 invariant under the involution (x, y) → (−x, y). The computation of the equivariant zeta functions of several other invariant Nash germs concludes the paper.
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Equivariant blow-Nash equivalence
Let G be a finite group.
We are interested in the study of germs of Nash functions invariant under some linear action of G on the source space. More precisely, we want to make progress towards the classification of such germs up to equivariant equivalence. We define below in 2.1 a generalization of the blow-Nash equivalence defined by G. Fichou in [10] , taking into account the equivariant data of this setting.
Let us first make precise definitions in the equivariant setting. Let d ≥ 1 and equip the affine space R d with a linear action of G and the real line R with the trivial action of G. In this setting, a germ of an equivariant Nash function f : (R d , 0) → (R, 0) will be called an equivariant or invariant Nash germ.
An equivariant Nash modification of such a germ f will be an equivariant proper surjective Nash map π : (M, π −1 (0)) → (R d , 0) between G-globally stabilized semialgebraic and analytic neighbourhoods of π −1 (0) in M and 0 in R d , such that
• M is a Nash manifold equipped with an algebraic action of G (that is an action induced from a regular G-action on the Zariski closure of M ),
• the action of G on M preserves the multiplicities of the jacobian determinant of π along its exceptional divisors,
• the equivariant complexification π(C) : M (C) → C d is an equivariant biholomorphism outside some thin subset of M (C) globally stabilized by the complexified action of G on M (C),
• π is an isomorphism outside the zero locus of f ,
• the composition f • π has only normal crossings.
Definition 2.1. Let f, h : (R d , 0) → (R, 0) be two invariant Nash germs. We say that f and h are G-blow-Nash equivalent if there exist
• an equivariant Nash (that is, semialgebraic and analytic) isomorphism Φ between Gglobally stabilized semialgebraic and analytic neighbourhoods (M f , σ −1
such that the following diagram commutes :
In this case, we say that φ is an equivariant blow-Nash homeomorphism, and if Φ preserves the multiplicities of the jacobian determinant of σ f and σ g along their exceptional divisors, then we say that Φ is an equivariant blow-Nash isomorphism.
Remark 2.2.
• If G = {e}, the equivariant blow-Nash equivalence is the blow-Nash equivalence defined in [10] .
• There exist germs being blow-Nash equivalent via a blow-Nash isomorphism without being G-blow Nash equivalent via an equivariant blow-Nash isomorphism : see Example 4.2.
Proposition 2.3. The equivariant blow-Nash equivalence is an equivalence relation for invariant Nash germs.
Proof. The proof runs as in [10] , involving in our framework equivariant data, since we can equip the fiber product of equivariant maps with the induced diagonal action, making projection maps equivariant. Notice that the action induced by G on the fiber products preserves the jacobian determinants of the associated projections.
Remark 2.4. The G-blow-Nash equivalence can also be defined if G is an infinite group, and it is still an equivalence relation in this case.
Equivariant zeta functions
We are interested in the classification of Nash germs invariant under right composition with a linear action of G, with respect to the equivariant blow-Nash equivalence. With this in mind, we generalize the zeta functions defined in [9] to our equivariant setting, using the equivariant virtual Poincaré series defined in [11] . We show in Proposition 3.12 the rationality of our equivariant zeta functions by a Denef-Loeser formula, which allows us to prove that they are invariants for equivariant blow-Nash equivalence via an equivariant blow-Nash isomorphism (Theorem 4.1).
Equivariant virtual Poincaré series
In order to define "equivariant" generalizations of the zeta functions for Nash germs, we use an additive invariant defined on all G-AS sets, that is boolean combinations of arc-symmetric sets (see [16] and [17] ) equipped with an algebraic action of G : the equivariant virtual Poincaré series. It is defined in [11] using the equivariant virtual Betti numbers, which are the unique additive invariant on G-AS sets coinciding with the dimensions of their equivariant homology. In this subsection, we recall the results of G. Fichou in [11] about equivariant Betti numbers. We first give the definition of equivariant homology which is a mix of group cohomology and Borel-Moore homology.
equipped with the induced ring structure. Consider a projective resolution (F * , ∆ * ) of Z 2 by Z 2 [G]-modules, that is vector spaces over Z 2 equipped with a linear action of G. Then we define the cohomology H * (G, M ) of the group G with coefficients in a Z 2 [G]-module M to be the cohomology of the cochain complex
Example 3.2. Let G be a finite cyclic group of order d generated by s. We denote N := 1≤i≤d s i . Then a projective resolution of Z 2 by Z 2 [G]-modules is given by
The cohomology of the group G with coefficients in a
if n is an even positive integer,
if n is an odd positive integer,
In particular, if G = Z/2Z,
For more details about group cohomology see for instance [3] .
The equivariant homology of G-AS sets we define below is inspired by [21] .
Recall that a semialgebraic subset S of P n (R) is said to be arc-symmetric if every real analytic arc in P n (R) either meets S at isolated points or is entirely included in S. An AS set is a boolean combination of arc-symmetric sets.
Take X an AS set equipped with an algebraic action of G, that is an action induced from a regular G-action on its Zariski closure : we will call such a set a G-AS set. We can associate to X the complex (C * (X), ∂ * ) of its semialgebraic chains with closed supports and Z 2 coefficients, which computes the Borel-Moore homology of X with Z 2 coefficients, simply denoted by H * (X) : see Appendix of [18] . The action of G on X induces by functoriality a G-action on the chain complex C * (X) (linear action on chains in each dimension and commutativity with the differential). We then consider the double complex
where (F * , ∆ * ) is a projective resolution of Z 2 by Z 2 [G]-modules, where the differentials are induced by ∆ * and ∂ * .
The equivariant Borel-Moore homology H * (X; G) of X (with Z 2 coefficients) is then by definition the homology of the total complex associated to the above double complex.
Such a double complex induces two spectral sequences that converge to the homology of the associated total complex. In particular, the spectral sequence given by
is called the Hochschild-Serre spectral sequence of X and G. It gives the following wiewpoint on the equivariant Borel-Moore homology : it is a mix of group cohomology and Borel-Moore homology with Z 2 coefficients, involving the geometry of X, the geometry of the action of G and the geometry of the group G itself. Example 3.3. To illustrate how the equivariant geometry is involved in the equivariant homology, let us compute the equivariant homology of the two-dimensional sphere, given by the equation x 2 + y 2 + z 2 = 1 in R 3 and denoted by X, equipped with two different kind of involutions.
Consider first the action given by the central symmetry s : (x, y, z) → (−x, −y, −z). If G := {1, s}, the E 2 -term of the Hochschild-Serre spectral sequence of X and G is
where [p] is the homology class of the chain [p] representing a point p of X : for the sake of simplicity in the computations, we choose p to be the point of coordinates (1, 0, 0). We see that the differential d 2 vanishes everywhere and E 3 -term is then given by
g g P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P
h h P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P
The image of [p] by the differential d 3 can be obtained by the following procedure. We follow the following "path" in the double complex (Hom
. There exists a semialgebraic chain γ of C 1 (X) with boundary
we can choose γ to be the chain representing an arc of the equator {z = 0} of X. The image of γ by 1 + s is the chain representing the whole equator {z = 0}, which is the semialgebraic boundary of the half-sphere {z ≥ 0}. Finally, if we apply 1 + s to the chain representing the half-sphere, we obtain the chain [X] representing the whole sphere.
Consequently,
Now let s denote an involution on X which is not free : this means there exists at least one point p 0 of X that is fixed by s. If we look at the E 3 -term of the Hochschild-Serre spectral sequence of X with respect to this action of G = Z/2Z, we see that the differential d 3 vanishes everywhere since • When G = {e}, the equivariant homology of a G-AS set X is the BorelMoore homology of X.
• As illustrated in Example 3.3, the equivariant homology groups can be non-zero in negative degree. In the case G = Z/2Z, we actually have H n (X; G) ∼ = ⊕ i≥0 H i (X G ) for n < 0 (where X G is the set of the points of X which are fixed by the action of G).
For more details about equivariant Borel-Moore homology, see [21] , [6] , [11] and [20] .
The existence and uniqueness of the equivariant Betti numbers are given by the following theorem of G. Fichou in [11] . The equivariant virtual Betti numbers and the equivariant virtual Poincaré series are additive invariants under equivariant Nash isomorphisms of G-AS sets. By a Nash isomorphism between AS-sets X 1 and X 2 is meant the restriction of a Nash isomorphism between compact real analytic and semialgebraic sets Y 1 and Y 2 containing X 1 and Y 2 respectively.
We will use the equivariant virtual Poincaré series as a measure for arc spaces which takes into account equivariant information. In particular, we will apply it to the spaces of arcs of an invariant Nash germ and gather these measures in the equivariant zeta functions (subsection 3.2).
Theorem 3.5 (Theorem 3.9 of [11] ). Let i ∈ Z. There exists a unique map β G i (·) defined on G-AS sets and with values in Z such that
with G acting diagonally on the right-hand product, R n being equipped with the trivial action of G, if V → X is the restriction to X of a vector bundle on its Zariski closure X Z , with a linear G-action over the action on X Z .
The map β G i (·) is unique with these properties and is called the i-th equivariant virtual Betti number.
For X a G-AS set, we then denote
the equivariant virtual Poincaré series of X.
Remark 3.6.
• For G = {e}, the equivariant virtual Poincaré series is the virtual Poincaré polynomial defined in [19] .
• The assumption of finiteness of the group G is necessary to show the existence of the equivariant virtual Betti numbers. In particular, when G is finite, there always exist an equivariant resolution of singularities ([22] , [2] ) and an equivariant compactification (see [4] ).
Example 3.7.
1. If we consider the sphere S 2 equipped with the central symmetry, since S 2 is compact nonsingular, we have
(with G = Z/2Z). If now we consider an action of G on S 2 which fixes at least one point, we have
2. The equivariant virtual Poincaré series of a point is u u−1 and the equivariant virtual Poincaré series of two points inverted by an action of G = Z/2Z is 1 : in both cases, the Hochschild-Serre spectral sequence degenerates at E 2 -term.
3. Let the affine plane R 2 be equipped with an involution s. To compute the equivariant virtual Poincaré series β G (R 2 ) (with G = {1, s}), consider an equivariant one-point compactification of R 2 . It is equivariantly Nash isomorphic to a sphere S 2 equipped with an involution fixing at least the point S 2 \ R 2 . Therefore
4. Let R 2 be equipped with an action of G := Z/2Z given by s : (x, y) → (ǫx, ǫ ′ y), with ǫ, ǫ ′ ∈ {−1, 1}, and E denote the exceptional divisor of the equivariant blowing-up of the plane at 0. Then,
, where the circle S 1 is equipped with an involution fixing at least one point. Then β G (E) = u + 2 u u−1 (we compute the Hochschild-Serre spectral sequence of S 1 ).
Contrary to the virtual Poincaré polynomial, we do not know the behaviour of the equivariant virtual Poincaré series towards products in general case. Nevertheless, we have the following result regarding the equivariant virtual Poincaré series of the product of a G-AS set with an affine space. We will use the following two properties in the proof of Denef-Loeser formula for the equivariant zeta functions (subsection 3.3).
Proposition 3.8 (Proposition 3.13 of [11] ). Let X be any G-AS set and equip the affine variety R n with any algebraic action of G. If we equip their product with the diagonal action of G, we have
u−1 . Lemma 3.9. Let X be any G-AS set and equip the real line R with any algebraic variety action of G stabilizing 0. Now let m ∈ N * and equip the product (R * ) m × X with the induced diagonal action of G. Then we have
Proof. We prove this equality by induction on m : we have
by Proposition 3.8, and, if we assume the property to be true for a fixed m ∈ N * ,
Equivariant zeta functions
Consider a linear action of G on R d , given by linear isomorphisms α g , g ∈ G, and equip R with the trivial action of
is naturally equipped with the induced action of G given by
for all g ∈ G and all γ :
. by the linearity of the action. For all n ≥ 1, thanks to its linearity, the action of G on L induces an action on the space
of arcs truncated at the order n + 1. Furthermore, the truncation morphism π n : L → L n is equivariant with respect to these actions of G.
Consider now an equivariant Nash germ f : (R d , 0) → (R, 0), that is f is invariant under right composition with the linear action of G. Then, for all n ≥ 1, the set
of truncated arcs of L n becoming series of order n after left composition with f is globally stable under the action of G on L n . Consequently, we can apply the equivariant virtual Poincaré series to the sets A n (f ), which are Zariski constructible subsets of R nd equipped with an algebraic action of G, and we define the naive equivariant zeta function
Similarly, the sets
are also stable under the action of G on L n and we define the equivariant zeta functions with signs Z G,+ f and Z G,− f of the invariant Nash germ f :
Remark 3.10.
• For G = {e}, the equivariant zeta functions are the zeta functions defined in [9] and [10] .
• These equivariant zeta functions are different from the equivariant zeta functions defined in [11] .
Example 3.11 (see also [13] and [9] ). Equip the affine line R with the linear involution s : x → −x. Let k ∈ N * and consider the invariant Nash germ f : (R, 0) → (R, 0) given by f (x) = x 2k . For all n ≥ 1, if n is not divisible by 2k, A n (f ) is empty, and if n = 2km,
is equivariantly Nash isomorphic to R * ×R n−m equipped with the diagonal action of G := Z/2Z on each factor induced from the action of s on R. Therefore the equivariant virtual Poincaré series of A n (f ) is (u − 1)
= u n−m+1 if n = 2km (by Lemma 3.9 and Proposition 3.8), 0 otherwise and we have
Now, f is positive so Z G,− f = 0, and for n = 2km,
is equivariantly Nash isomorphic to {±1} × R n−m , hence β G (A + n (f )) = u n−m (the points −1 and +1 are exchanged by the involution s). Thus,
Denef-Loeser formulae for equivariant zeta functions
In the following proposition 3.12, we show that, as the non-equivariant one in [9] and [10] , the naive equivariant zeta function is rational. This Denef-Loeser formula for an equivariant modification will allow us to prove that two invariant Nash germs equivariantly blow-Nash equivalent through an equivariant blow-Nash isomorphism have the same naive equivariant zeta function (Theorem 4.1).
We keep the notations from previous subsection 3.2.
Proposition 3.12. Let σ : (M, σ −1 (0)) → (R d , 0) be an equivariant Nash modification of f such that f • σ and the jacobian determinant jac σ of σ have only normal crossings simultaneously.
At first, we keep notations from the non-equivariant case ( [10] ) :
• Put N i := mult E i f • σ and ν i := 1 + mult E i jac σ, and, for I ⊂ J, E 0
Now, the action of G on M induces an action of G on the set of irreducible components of (f • σ) −1 (0)
it is the orbit of E 0 I in M ) and we have the equality
Remark 3.13. For all i ∈ I and g ∈ G, mult g·E i f • σ = mult E i f • σ and mult g·E i jac σ = mult E i jac σ. The first equality comes from the equivariance of f , the second one from the definition of an equivariant Nash modification (see section 2).
Proof. The proof is a generalization to the equivariant setting of the proof of Denef-Loeser formula in [9] and [10] , which uses the theory of motivic integration on arc spaces for arc-symmetric sets (see also [5] ). The key point is the justification of Kontsevich change of variables formula ( [14] ) in our setting.
The proof runs as follows. We define the notion of G-stable subsets of the arc space associated to (R d , 0) or (M, σ −1 (0)). These sets constitute the measurable sets with respect to a measure defined using the equivariant virtual Poincaré series. Here, we use the good behaviour of β G with respect to vector bundles (Proposition 3.8) to justify that this measure is well-defined.
This allows one to define an integration with respect to this equivariant measure. We show the validity of the Kontsevich change of variables in the equivariant setting (Proposition 3.14 below) just after the present proof.
This key formula helps provides us a first intermediate equality for Z G f (u, T ), bringing out some AS sets globally invariant under the induced actions of G, which involve the equivariant Nash modification σ of f . The final step is the computation of the value of the equivariant virtual Poincaré series of these G-AS sets in terms of the irreducible components of (f • σ) −1 (0).
(i) Equivariant measurability and equivariant integration on arc spaces
We first define a notion of equivariant measurability and equivariant measure in the arc spaces L(R d , 0) and L M, σ −1 (0) = {γ : (R, 0) → (M, σ −1 (0)) formal }. The action of G on M , given by algebraic isomorphisms δ g , g ∈ G, induces an action on L(M, σ −1 (0)) by composition. Notice that, if γ ∈ L M, σ −1 (0) and g ∈ G, a Nash chart around γ(0) gives, by composition with δ g , a Nash chart around g · γ(0) and therefore, if γ(t) = a 1 t + a 2 t 2 . . . (with a i ∈ R d ) in the chart around γ(0), we have g·γ(t) = a 1 t+a 2 t 2 . . . in the chart around g·γ(0) (see part (iv) of the proof for more details). In particular, for all n ≥ 0, the space L n (M, σ −1 (0)) of arcs truncated at order n + 1 is stable under the action of G on L(M, σ −1 (0)) and the n + 1-th order truncating morphisms π n :
For convenience, in the following definitions, L will denote either L(R d , 0) or L(M, σ −1 (0)). Now we say that a subset A of the arc space L is G-stable if there exists n ≥ 0 and an ASsubset C of L n , globally invariant under the algebraic action of G on L n , such that A = π −1 n (C). Notice that a G-stable set is globally invariant under the action of G on L. Then we define the measure β G (A) of a G-stable set A by setting
for n big enough. This measure is well-defined. Indeed, the truncation projections q n : L n+1 → L n are G-equivariant vector bundles with fiber R d and linear G-action over L n and then, if
thanks to Proposition 3.8. We then define an integral with respect to the measure β G for maps θ with source a G-stable set A and Z[u, u −1 ] as target, with finite image and G-stable sets as fibers : the integral of θ over A is
(ii) Kontsevich change of variables Now we state the equivariant version of the change of variables formula in [14] (see also [5] and [9] ) : Proposition 3.14. Let A be G-stable set of L(R d , 0) and assume that ord t jac σ is bounded on σ −1 (A). Then
Here, we denote also by σ the equivariant map
We show Proposition 3.14 after the present proof.
(iii) Applying Kontsevich formula
We use the equivariant version of Kontsevich formula and the additivity of the equivariant virtual Poincaré series to reduce the computation of the naive equivariant zeta function to the computation of the equivariant virtual Poincaré series of G-AS sets expressed in terms of the equivariant Nash modification σ of f .
First, we give notations to the sets that will appear as the proof goes along, similarly to [9] . For any n ≥ 1 and e ≥ 1, we put
• ∆ e := {γ ∈ L M, σ −1 (0) | ord t jac σ(γ(t)) = e},
Notice that all the sets Z n (f ), Z n (f • σ), ∆ e and Z n,e (f • σ) are globally invariant under the actions of G on arc spaces, notably because σ is an equivariant Nash modification (see also step (iv) below).
First, since all the sets Z n (f ) are by definition G-stable, we can consider their equivariant measure
We then apply the equivariant Kontsevich change of variables formula to compute β G (Z n (f )) for all n ≥ 1. Indeed, there exists c ∈ N such that for all n ≥ 1, Z n (f • σ) is the finite disjoint union ∪ e≤cn Z n,e (f • σ) (see [9] ) : in particular, for all n ≥ 1, ord t jac σ is bounded on
and we can apply Proposition 3.14 to obtain
Moreover, if n ≥ 1 and e ≤ cn, for any arc γ in Z n,e (f •σ) (more generally in L(M, σ −1 (0))), there exists I ⊂ J such that π 0 (γ) ∈ E 0 I ∩ σ −1 (0), and more particularly, there exists I ∈ Λ/G such that π 0 (γ) ∈ E 0 I ∩ σ −1 (0). Consequently, we can write the G-stable set Z n,e (f • σ) as the disjoint union of the sets
∈ Λ/G, and we have
(in the last equality, we used the additivity of the equivariant virtual Poincaré series).
Finally, we have
where
Let n ≥ 1, e ≤ nc and I ∈ Λ/G. Consider γ ∈ π n Z I n,e (f • σ) and assume that γ(0) ∈ E 0 I . There exist a semialgebraic and analytic neighbourhood U of γ(0) in M , a semialgebraic and analytic neighbourhood V of 0 in R d with coordinates y 1 , . . . , y n , and a Nash isomorphism ϕ : V → U such that, for all i ∈ I,
Then, through the Nash isomorphism ψ g , the coordinates y 1 , . . . , y n are also local coordinates around δ g (γ(0)) = (g · γ)(0) and we have, for all i ∈ I,
As a consequence, if we denote k i := ord t γ i (t) for all i ∈ I, there is an equivariant Nash isomorphism between π n Z I n,e (f • σ) and
and π n Z I n,e (f • σ) is equivariantly Nash isomorphic to k∈A(n,e)
where, on each term of the disjoint union, the action of G on the product is diagonal, the action on the right-hand side affine set being trivial.
We then apply the equivariant virtual Poincaré series β G (which is invariant under equivariant Nash isomorphism) to obtain
Let us fix k ∈ A(n, e). Proposition 3.8 and Lemma 3.9 provide the equality
and consequently,
(v) Conclusion of the proof Substituting (2) in the equality (1) of step (iii), we get
As in [9] , we write the sum n≥1 e≤cn k∈A(n,e) u −e− i∈I k i T n as the product i∈I
and we obtain the Denef-Loeser formula
We next prove the equivariant version of Kontsevich change of variables (Proposition 3.14), which is a key tool in the demonstration of the above Denef-Loeser formula. In order to achieve this goal, we need the following lemma which is an equivariant Nash analog to Lemma 3.4 of [5] (see also Lemma 2.11 of [10] ) : 0) be an equivariant proper surjective Nash map and assume that the action of G on M preserves the multiplicities of the jacobian determinant of h along its exceptional divisors. For all e ≥ 1, set
and for all n ≥ 1, ∆ e,n := π n (∆ e ),
and denote by h n the equivariant map π n • h :
is an AS set, globally invariant under the action of G on L n (R d , 0), and h n is an equivariantly piecewise trivial fibration over h n (∆ e,n ), with G-globally invariant AS sets as pieces, with fiber R e . Remark 3.16. The details of this fibration are given at the end of the proof below.
Proof of Lemma 3.15. Fix e ≥ 1 and n ≥ 2e.
The fact that h n (∆ e,n ) is an AS set is given by the non-equivariant result of G. Fichou in [10] , Lemma 2.11. Since ∆ e,n is globally invariant under the action of G on L n (M, h −1 (0)), so is the set h n (∆ e,n ) under the action of G on L n (R d , 0) because h n is equivariant.
In the proof of the second assertion of the lemma, we refer to the proof of Lemma 3.4 in [5] , replacing the terms "regular maps" by "Nash maps" and "constructible sets" by "AS sets" (see also [10] ).
Consider an equivariant section s :
We have s(h n (∆ e,n )) ⊂ h(∆ e ) and h −1 is well-defined on h(∆ e ) (because h(γ 1 ) = h(γ 2 ) if γ 1 = γ 2 with γ 1 ∈ ∆ e ), Nash and equivariant, so one can construct the equivariant mapping
It is a piecewise morphism : this means there exists a finite partition of the domain of θ into AS sets, such that the restriction of θ to each AS piece is a Nash map. Now, let R 1 , . . . , R m be these AS pieces and, for each i ∈ {1, . . . , l}, consider the orbit of R i under the action of G on L n (R d , 0) from which we retrieve the orbit of R 1 ∪ · · · ∪ R i−1 : we denote the obtained G-AS set by R i .
Let i ∈ {1, . . . , l} and denote by ψ i the restriction of θ to the piece R i : it is a Nash map by assumption. We extend ψ i to an equivariant Nash map ψ i on the G-orbit of R i by setting
because θ is equivariant. We then denote again by ψ i the restriction of ψ i to R i .
This shows that we can assume θ to be an equivariantly piecewise morphism, that is there exists a finite partition of the domain of θ into AS sets globally invariant under the action of G on L n (R d , 0), such that the restriction of θ to each piece is an equivariant Nash map.
One can then use the map θ to express the fiber of the arcs of h n (∆ e,n ) under h n : each fiber can be identified with R e , this identification being a piecewise morphism on a refinement of the partition of the domain of the equivariantly piecewise morphism θ.
The identification is furthermore an equivariantly piecewise morphism because, if the fiber of an arc γ is expressed in local coordinates around θ(γ)(0), for any g ∈ G, these local coordinates are also local coordinates around θ(g · γ)(0) = g · θ(γ)(0) and the fiber of g · γ is obtained from the fiber of γ by applying the identity matrix (see proof of Proposition 3.12).
Therefore, there exists a finite partition of h n (∆ e,n ) into globally G-invariant AS sub-
, equivariantly Nash isomorphic to S i × R e with G acting diagonally on this product, the action of G on S i being induced from the one on L n (R d , 0)), and the one on the right-hand affine space being trivial, with h n |h −1 n (S i ) corresponding under the equivariant Nash isomorphism to the equivariant projection S i × R e → R e .
Proof of Proposition 3.14. We are now ready to prove the equivariant Kontsevich change of variables formula. We are going to compute the integral against the measure β G of the map
over σ −1 (A), and show that it equals β G (A).
We have
) (for n big enough and bigger than 2ρ)
Now fix 1 ≤ e ≤ ρ. We have the equality of sets
where σ n = π n • σ. The equality π n (σ −1 (A)) = σ −1 n (π n (A)) comes from the stability of A and the fact that π n • σ • π n = π n • σ on L(M, h −1 (0)), and we use Lemma 2.12 of [10] to show that ∆ e,n = σ −1 n (σ n (∆ e,n )) (recall that n ≥ 2e). We then compute β G σ −1 n (π n (A) ∩ σ n (∆ e,n )) using the fact that, by previous Lemma 3.15, σ n is an equivariantly piecewise trivial fibration over σ n (∆ e,n ). Keeping the same notations as in the end of the proof of Lemma 3.15, we have
Consequently, that we denote by π n Z ±,I
n,e (f • σ) , under the action of G on L n (M, σ −1 (0)). In order to compute this quantity, we look for some equivariant Nash isomorphism given by the above conditions of value, orders and coefficients, the last two being expressed in local coordinates. Since we are dealing with relations involving arcs' coefficients in local coordinates, we will need to consider the gluing of the open sets on which are defined the associated local charts, taking into account the way G is acting on M . n,e (f • σ) such that γ ∈ E 0 I ∩U , we express the condition f •σ(γ(t)) = ±t n +· · · in a local coordinates system centered at γ(0) constructed from the previous one in the following way. For j ∈ {1, . . . d}, set y j := y j − ϕ −1 (γ(0)) j (notice that, since γ(0) ∈ E 0 I ∩ U , ϕ −1 (γ(0)) i = 0 and then y i = y i for all i ∈ I). Letting ϕ be the chart at γ(0) defined by ϕ ( y) := ϕ y + ϕ −1 (γ(0)) , we have
Let γ = (γ 1 , . . . , γ d ) in the system of coordinates ( y 1 , . . . , y d ). We denote by k j the t-order of γ j (t) and ρ j the term of order k j in γ j (t) . The condition f • σ(γ(t)) = ±t n + · · · means that
Therefore, we identify π n Z
±,I
n,e (f • σ) with the gluing of the sets k∈A(n,e)
The group G acts on those sets as described in the following. Let g ∈ G. By composing the corresponding chart with δ g , the system of local coordinates ( y 1 , . . . , y d ) around γ(0) can be made into a local chart around (g · γ)(0) = δ g (γ(0)) (see step (iv) of the proof of Proposition 3.12). If we set ψ g := δ g • ϕ and ψ g := δ g • ϕ, for i ∈ I, E g·i ∩ g · U corresponds to { y i = 0} via ψ g and we have
. . , γ d ) with respect to the chart (g.U, ψ g , y), for all i ∈ I, k i is the t-order of (g · γ) i (t) and ρ i is the term of order k i in (g · γ) i (t), and the arc g · γ verifies the conditions i∈I k i N i = n and
In other words, the element g of G sends W
Consequently, π n Z ±, I
n,e (f • σ) is the cross product of the G-orbit of the gluing of the sets W ± I,U,ϕ , along the sets E 0 I ∩ U , with the disjoint union over k ∈ A(n, e) of the affine spaces
equipped with a trivial action.
As in step (iv) of the proof of Proposition 3.12, thanks to the additivity of the equivariant virtual Poincaré series and Proposition 3.8, we are then reduced to the computation of the equivariant virtual Poincaré series of the orbit under G of the gluing of the sets W ± I,U,ϕ along the sets E 0 I ∩ U . Consider the isomorphisms from W ± I,U,ϕ to R ± I,U,ϕ ×(R * ) |I|−1 given in the proof of Proposition 3.5 of [9] , with
where m is the greatest common divisor of the N i 's, i ∈ I. These isomorphisms are the identity on z and then are compatible with the action of G sending the element (z, t, κ) of R
Thus, the equivariant virtual Poincaré series of the orbit of the gluing of the sets W Now, the end of the computation is the same as in step (v) of the proof of Proposition 3.12 (notice that in the above arguments, we dropped the intersection with σ −1 (0) for the sake of readability).
Remark 3.19. We can also define the naive equivariant zeta function of the germ of an equivariant Nash function f : (R d , 0) → (R, 0) where the affine spaces R d and R are both equipped with a linear action of G. Indeed, if g → κ g denotes the linear action of G on R, then, since G is finite, for all g ∈ G, κ g = ±Id R . Therefore, the spaces of arcs A n (f ) of f are globally stable under the action of G on L. Furthermore, Denef-Loeser formula of Proposition 3.12 is also valid for the naive equivariant zeta function of f .
In order to define equivariant zeta functions with signs for f , we have to consider the kernel H of the group morphism g → κ g . Then the arc spaces A + n (f ) and A − n (f ) are globally stable under the restricted action of H on L and we can define the equivariant zeta functions with signs of f with respect to H, for which we have Denef-Loeser formula (Proposition 3.17). We can also consider, for all n ≥ 1, the equivariant virtual Poincaré series of the reunion of A + n (f ) and A − n (f ), which is a G-AS-set, and gather this data into a new zeta function. In a subsequent work, we will study this zeta function, as well as its relation to the other equivariant zeta functions of such an equivariant Nash germ f .
Equivariant zeta functions and equivariant blow-Nash equivalence
Denef-Loeser formulae for the equivariant zeta functions allow us to show that these latter are invariants for equivariant blow-Nash equivalence via equivariant blow-Nash isomorphisms :
Theorem 4.1. Let R d be equipped with a linear action of G and let f , h : (R d , 0) → (R, 0) be two invariant Nash germs. If f and h are G-blow-Nash equivalent via an equivariant blow-Nash isomorphism, then
Proof. Let us keep the notations of the definition 2.1 of G-blow-Nash equivalence. We can compose the equivariant Nash modification σ f , respectively σ h , with a sequence of equivariant blowings-up with G-globally preserved smooth Nash centers and exceptional divisors having only normal crossings with the ones of σ f , resp. σ h , to obtain a new equivariant Nash modification σ f : ( M f , σ h (0)), inducing the equivariant blow-Nash isomorphism Φ and the equivariant blow-Nash homeomorphism φ and preserving the multiplicities of the jacobian determinants of σ f and σ h along their exceptional divisors.
In these conditions, we can apply Proposition 3.12, respectively Proposition 3.17, to both f and h and the expressions of the naive equivariant zeta functions, resp. equivariant zeta functions with signs, of f and h given by the Denef-Loeser formula are equal because
• Φ sends the irreducible components of (f • σ f ) −1 (0) onto the irreducible components of (h • σ h ) −1 (0),
• the equivariant virtual Poincaré series is invariant under equivariant Nash isomorphisms,
• the multiplicities N are preserved by Φ thanks to the commutativity of the diagram defining G-blow-Nash equivalence (see Definition 2.1), and the multiplicities ν are preserved by Φ because it is an equivariant blow-Nash isomorphism. h(x, y) = x 4 − y 2 .
They are Nash equivalent via the Nash isomorphism Φ : R 2 → R 2 ; (x, y) → (y, x). In particular, they are blow-Nash equivalent via a blow-Nash isomorphism and consequently
(the zeta functions are invariants for blow-Nash equivalence via blow-Nash isomorphisms : see [10] ). However, notice that Φ is not equivariant with respect to the considered action of G := Z/2Z on R 2 . We compute the naive equivariant zeta functions of the invariant Nash germs f and h and show that they are not G-blow-Nash equivalent via an equivariant blow-Nash isomorphism, using Theorem 4.1.
Let σ 1 be the equivariant blowing-up of R 2 at the origin and let (R 2 , (X, Y )) be the chart of the blowing-up in which The exceptional divisors E 1 and E 2 , both isomorphic to a circle, intersect at a G-fixed point and E 2 intersects the irreducible components E 3 and E 4 of the strict transform of f at two points exchanged by the action. Therefore, using the equivariant Denef-Loeser formula, since N 1 = 2, ν 1 = 1, N 2 = 4, ν 2 = 2 and N 3 = N 4 = 1, ν 3 = ν 4 = 0, we have after computation (use Example 3.7)
In order to compute the naive equivariant zeta function of h, we consider the equivariant blowings-up σ 1 and σ 2 in the respective charts (R 2 , (U, T )) and (R 2 , (R, S)), where they are given by σ 1 (U, T ) = (U, U T ) and σ 2 (R, S) = (RS, S). The actions of G on these charts are given by (U, T ) → (−U, −T ) and (R, S) → (R, −S), and we have h • σ(R, S) = S 4 R 2 (R − 1)(R + 1)
in the chart (R 2 , (R, S)).
The four irreducible components of (h • σ) −1 (0) are given by
and the exceptional divisor E ′ 2 intersects the strict transform of h at two points that are both fixed by the action of G. Thus,
• Consider the invariant Nash germ h : (x, y) → −x 2 − y 4 . Two successive equivariant blowings-up provide an equivariant resolution of singularities τ of h. The two exceptional divisors E ′
